The de Finetti representation theorem for continuous variable quantum system is first developed in [1] to approximate an N -partite continuous variable quantum state with a convex combination of independent and identical subsystems, which requires the original state to obey permutation symmetry conditioned on successful experimental verification on k of N subsystems. We generalize the de Finetti theorem to include asymmetric bounds on the variance of canonical observables and biased basis selection during the verification step. Our result thereby enables application of infinitedimensional de Finetti theorem to situations where two conjugate measurements obey different statistics, such as the security analysis of quantum key distribution protocols based on squeezed state against coherent attack [2] .
I. INTRODUCTION
Most information theoretic problems on large composite quantum system can be significantly simplified by introducing external structure to the system. One widely adopted assumption is to treat a multi-partite quantum state as a convex combination of independent and identically distributed (i.i.d) subsystems. This assumption cannot be justified whenever subsystems are allowed to be entangled with each other. However, in realistic quantum communication and quantum cryptography settings, a generic quantum channel unavoidably induces various degree of entanglement between subsystems. As a result, parameters grows exponentially with system size rendering most information theoretic tasks formidable to solve. This calls for a universal reduction from highly entangled composite system to a more tractable one.
The quantum de Finetti theorem [3, 4] fulfills this task by relaxing the i.i.d structure to permutation symmetry, stating that an N -partite quantum state can be approximated by a convex combination of i.i.d density operators on majority of subsystems as long as the original quantum state is invariant under permutation symmetry. Unlike i.i.d structure, permutation symmetry is feasible to realize in quantum key distribution (QKD) protocol due to the absence of absolute ordering between keys. Additionally, entanglement between subsystems is not eradicated by permutation invariance.
The discrete quantum de Finetti theorem, where subsystem dimension d has to be much smaller than N , is extended by [1] to continuous variable quantum system with infinite subspace dimension. The difference between discrete and continuous de Finetti theorem lies in an extra experimental verification step defined by two conjugate canonical measurement operatorsX andŶ on the Hilbert space H = L 2 (R), satisfying [X,Ŷ ] = i. These two conjugate measurements are more naturally defined in QKD, where two parties named after Alice and Bob generate secure keys by sharing n quantum states and performing measurements on the joint n-partite quantum state. A powerful adversary (coherent attack) is allowed to perform arbitrary joint operations on all n states during the transmission before Alice and Bob's measurements. Among n rounds of quantum state sharing, Alice and Bob choose randomly to measure k of the n-partite state with probability q = 1/2 forX and the other half forŶ for experimental verification. The verification passes if each one of k measurement outcomes is upper bounded by a small value. Intuitively this bound is equivalent to the requirement d << N in discrete de Finetti proof, to reduce the error probability in approximating correlations of low magnitudes with i.i.d structures without any correlations. Since many QKD protocols leverage conjugate measurements for key generation, such verification step can be easily integrated into security analysis.
However, the asymmetry innate to the conjugate bases measurement statistics of the continuous variable quantum state has yet to be taken care of in de Finetti theorem proof. Instead of coherent state based analysis [1] , if n rounds of shared quantum state are squeezed states at input, in order to ensure high enough success probabilityX and Y should not be bounded equally in magnitude during the experimental verification. Moreover, for practical QKD realization, basis selection probability is usually not even q = 1/2, which could also affect the approximate i.i.d error probability. In this work, we address these two issues by allowing experimental verification to measure two conjugate basis with uneven probability and to bound the measurement outcomes with values adapted to the specific quantum represented by the circle, they are complimentary to U1, V1. The gray area measures the difference between the two.
state being transmitted. We introduce squeezed state definition and squeezing operator in Sec. II, and then break down the proof for the de Finetti theorem into two part in Sec. II A and Sec. II B. We discuss the implication of our result in Sec. II C.
II. SQUEEZED COHERENT STATE
Before proceeding with the generalized de Finetti theorem, we review the Gaussian state characterization below which is important for the proof of the theorem. Any single-mode Gaussian state can be described as a vacuum state acted upon by displacement, squeezing and rotation operators [5] |α, θ, r =D(α)R(θ)Ŝ(r)|0 , each defined bŷ 
In previous analysis [1] , the central part of the proof involves bounding the error probability of approximating quantum state with n + k subsystem to one that is close to a i.i.d ensemble of n subsystems with another k subsystems on whichX orŶ is chosen to be measured at random with equal probability through homodyne measurements. The verification corresponds to the projection defined by
, where P denotes a projection onto the subspace of the Hilbert spaceH such that each quadrature measurement value of is upper bounded by a chosen value n 0 . [1] proved that given the k subsystems described by the projection U 1 denoted as green square in x − y plane in Fig. 1 , for large enough n 0 , the unmeasured n samples can be approximated by a convex combination of i.i.d states stabilized by V 1 := PX 2 +Ŷ 2 ≥n0+1 bounded by the gray circle in Fig1 with an exponentially in k small error probability.
We generalize this picture to the model where two quadratures are bounded according to Eq. (4 with the squeezing strength r. And the measurements onX (respectivelyŶ ) occurs with probability q (respectively 1 − q). The the projection operator U 0 describing the state satisfied by the measurements and the projection operator onto the inferred states V 0 are modified to: And the support of U 0 and V 0 is pictured in Fig.2 , which is elongated compared to [1] . In order to bound the error probability for i.i.d approximation, we need to analyze the projection operator U 0 and V 0 taking into account of an extra squeezing parameter r. To complete the definition we write U 1 = I − U 0 and
are POVMs on the Hilbert space H. We will prove the de Finetti theorem for squeezed state and biased basis selection in two parts below by generalizing [1] to squeezed state and biased measurement bases selection.
A. de Finetti theorem-part I
We define the complimentary overlap γ U →V as [1] :
which measures the maximum probability of giving outcome V once the probability of measuring outcome U is upper bounded by δ. Denoting density operators on Hilbert space H as S (H), all permutations on {1, 2, ...n} as S n , an arbitrary permutation as π. Then a symmetric subspace of H ⊗ can be constructed using a projector P n Sym (H) defined as:
For any vector φ ∈ Sym n (H) we have πφ = φ. We define restricted symmetric subspace in the following for future use to connect the permutation symmetry of a subspace with a space composed of a mix of i.i.d vectors.
Let P k+n H ⊗n be a projector from H ⊗k+n on to a permutation invariant subspace H ⊗kH ⊗n composed of vectors φ ∈ πH ⊗kH ⊗n for any given π ∈ S n , whereH is a subspace of the Hilbert space, and its orthogonal subspace can be denoted asH ⊥ . More specifically this projector can be decomposed by P 0 = PH and P 1 = PH ⊥ in a permutation invariant way:
where b is summed over all n + k bit that has ones less or equal to k equivalently described by the frequency of one occurrence f b ≤ k k+n . Such constraint is to guarantee that the projection on toH ⊗n subspace. Since P k+n H ⊗n is permutation invariant and commutes with any π ∈ S n+k , it thus also commutes with symmetric subspace projector P n+k Sym (H). Therefore we are able to construct another symmetric projector P ⊗n . The probability that the last n bits of classical information on V measurements having more frequency of ones f X k+1 ,...,X k+n larger than the frequency of ones in first k bits of V measurements inferred from the first k bits of U measurements f X1,...,X k is upper bounded by
This is proved without the specification of exact form of U and V see [1] and therefore will not be reproduced here.
Next we are giving a bound on γ U1→V1 which was initially proved using coherent state. We modify the previous proof with more general Gaussian state, i.e. squeezed coherent state |α, r . Lemma.2. Given two sets of measurements that bounds the two conjugate operators differently to fit in the squeezed state:
2r n0/2 , and V 1 = P e 2rX 2 +Ŷ 2 e −2r <n0 on the squeezed state with squeezing parameter r then γ U1→V1 (δ) is upper bounded by
Proof. First, we need to show that V 1 is upper bounded by W 1 /2 where W 1 is defined by squeezed coherent state
dµ α |α, r α, r|. The projection operator can be greatly simplified using the Bogliubov transformed number operatorn =â †â withâ = cosh râ + sinh râ † , such that V 1 = ∞ n =n0 |n n | and W 1 = n q n |n n | with q n = Γ(n + 1, n 0 )/Γ(n + 1, 0), where Γ stands for the incomplete Gamma function [1] . Using the fact that |α| 2 ≥ n 0 and q n+1 ≥ q n > 0, we thereby reduce the squeezed state to coherent state with Bogliubov tranformation which gives
Secondly we bound the W 1 with actual measurement operator U 1 which has support where the quantum state exceeds our predefined parameter region. Similar to the approach in [1] , we expand our definition of W 1 into a higher Hilbert space H 1 ⊗ H 2 with beam splitter operationB = exp[
For the first step, we show that 
The last equation is true from the relation (â 1 +â 2 )B|X 1 ⊗ |Y 2 =B(X 1 + iY 2 )|X 1 ⊗ |Y 2 . Therefore |f XY is a squeezed coherent state with squeezing parameter r. Following which, W 1 can be redefined as
with integration range X 2 + Y 2 ≥ n 0 . We can upper bound the W 1 with oppositely squeezed operators A and C defined as with squeezing parameters r and −r
where the integration range is |X 2 | < n 0 /2 and −∞ < X < ∞, |Y 2 | < n 0 /2 and −∞ < Y < ∞. Notice that the squeezing is absorbed by the squeezing operator and does not affect the integration range. We also know that
, and therefore apply the change of variable as x − = (X − X ) √ 2 and x = √ 2X, the operator A can be rewritten as
The second equation uses the fact that S † (r)XS(r) = e rX and the equality | 0||X | 2 = exp(−X 2 )/ √ π. Similarly, we define G(y − ) as
Subsequently, F (x − ) and G(y − ) operators are bounded by
where we use the fact that
and G(a) <
with a ∈ [0, √ n 0 ]. Knowing that S † (r) = S(−r), we have the inequality below given binary probability distribution {q, 1 − q} with q ∈ {R|q ≤ 1} and a = n 0 /2:
Therefore the gamma function is bounded by
which differs from the continuous variable using symmetric quadrature measurement by the extra squeezing parameter r and biased probability in bases selection 0 < q < 1. Utilizing this new bound we complete the proof of de Finetti theorem in the next subsection. . For a permutation invariant quantum state ρ 2k+n ∈ S (H) with n > 2k, if {Z 1 , Z 2 , ..., Z k }represent the measurement U ⊗k on the k subsystems of ρ 2k+n , and representing the event that the projection P k+n H ⊗n on the left of n + k subsystems fail as F , then the probability of having more than n0 2 outcomes as U 1 while failing the projection is bounded by
Proof: Choose the deviation δ = 2q(1−q)k 5(n+k) in Lemma 1 and we can bound the gamma function plus deviation as
The probability in Eq. (26) can be rewritten as
Consequently, Lemma. 3, reduce the error probability to the right hand side of Eq. (26). As remarked in Remark 4 of [1] , the rest of the de Finetti theorem proof are identical. We thus generalizes the de Finetti theorem to different types of measurements, providing specific requirement for the experimental verification step. The verification threshold n 0 which signifies the energy level of the state that could pass verification depends on both squeezing strength r and basis selection probability q. We compare the n 0 value in this work with that derived in [1] without considering squeezing and biased basis selection in Fig. 3 . We notice that in Fig. 3 (a) our current energy bound is larger than that in [1] even at zero squeezing due to the strictly smaller bound in Eq. (28). In Fig. 3  (b) , the lowest energy shreshold is achieved at q = 1/2 at non-zero squeezing which is still larger than the bound not considering squeezing. Our result thus validates the assumption used in [1] that experimental verification test designed for coherent state inputs lower bounds the energy threshold n 0 for general Gaussian state inputs.
C. Discussions
There are two new insights from our generalized de Finetti theorem. First, we introduce bases selection probability q to the experimental verification, demonstrating the extreme case when only one of the two conjugate bases is measured: at q = 0 or q = 1 the error probability is no longer exponentially suppressed by k in Eq. (26). This result showcases the importance of keeping both conjugate measurements for verification to reduce unwanted correlation between subsystems and provide approximate i.i.d structure. Moreover, the error probability is minimized at q = 1/2, which proves that the de Finetti theorem using symmetric basis selection in [1] gives a lower bound on error probabilities for general measurement strategies.
Secondly, the squeezing parameter r gives a tighter bound on the quadrature variance threshold for verification given the input state is squeezed state. Although the success probability is independent of the squeezing strength of the states being prepared conditioned on passing the experimental verification on k subsystems, the value for the experimental verification threshold depends on r as n 0 ≥ qe 2|r| ln , which increases monotonically with squeezing strength. This implies that Alice and Bob should adjust their experimental verification energy threshold according to the states being transmitted through the quantum channel using de Finetti theorem against coherent attack.
